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In  consider ing t h e  r o t a t i n g  plasma experiments of Fahleson , w e  

have constructed a boundary-layer type  of ana lys i s3  which i s  be l ieved  

t o  be appl icable  t o  such experiments f o r  s u f f i c i e n t l y  high i n i t i a l  

p ressure  ( g r e a t e r  than about 50 p Hg f o r  Fahleson's appara tus) .  The 

genera l  agreement between our theory and Fahleson's experiment i s  f a i r ,  

bu t  f o r  low cu r ren t s  t h e  theory p r e d i c t s  t h a t  t h e  azimuthal v e l o c i t y  

i s  only s l i g h t l y  more than ha l f  t he  ion iza t ion  speed, (2wi/m)l'*, where 

w i s  t h e  ion iza t ion  energy and m t h e  atomic mass. I n  c o n t r a s t ,  t h e  

low-density theory of Lin predic t s  a ve loc i ty  somewhat i n  excess of 

i 
1 

t h e  ion iza t ion  speed, depending upon t h e  magnitude of t h e  r a d i a t i o n  loss, 

which is i n  much c l o s e r  agreement with t h e  experiments. 

be expected t h a t  d i f f e r e n t  r e s u l t s  w i l l  be obtained from a high pressure ,  

continuum theory and a low-pressure, r a r e f i e d  flow theory ,  it is  our 

opinion t h a t  t h e  continuum theory i s  more appl icable  t o  Fahleson's 

experimental  condi t ions f o r  reasons which are t o o  extensive t o  be 

d iscussed  here.  Upon reexamining Lin 's  theory,  w e  have found t h a t  in-  

adequate considerat ion has been given t o  t h e  e f f e c t  of charge-exchange 

c o l l i s i o n s .  

f o r  t h i s  e f f e c t ,  and note  t h a t  a t  l o w  curren ts  t he  azimuthal ve loc i ty  

p red ic t ed  by t h i s  cor rec ted  treatment is less than t h e  ion iza t ion  speed 

and even l ess  than t h a t  nredicted bv t h e  continuum theorv. 

While it i s  t o  

We show below what i s  considered t o  be a proper accounting 
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._ 
Our i n i t i a l  phys ica l  assumptions a r e  i d e n t i c a l  t o  t hose  of Lin. We 

consider  a plane p a r a l l e l  flow of plasma between two plane p a r a l l e l  

e l ec t rodes  spaced apa r t  a dis tance  d. There e x i s t s  a uniform magnetic 

f i e l d ,  of flux dens i ty  B ,  having a d i r e c t i o n  normal t o  t h e  plane of t h e  

flow and p a r a l l e l  t o  t h e  e lec t rodes .  A l l  mean free pa ths  are l a r g e  com- 

pared with t h e  spacing d. 

s t a t i o n a r y  background of cold,  n e u t r a l  p a r t i c l e s ,  which are i n  good 

thermal  contac t  with t h e  co ld ,  s t a t iona ry  e lec t rodes .  When a cu r ren t  I 

f l o w s  between t h e  e l ec t rodes ,  t h e  plasma component ( ion-e lec t ron  p a i r s )  

i s  acce le ra t ed  t o  a mean ve loc i ty  v ,  t h e  n e u t r a l s  remaining s t a t iona ry .  

It  i s  f u r t h e r  assumed t h a t  t h e r e  is a 

Simultaneously,  t h e  r e s i s t i v e  hea t ing  of t h e  plasma raises t h e  e l ec t ron  

temperature ,  thereby ion iz ing  some of t h e  n e u t r a l s  by e l e c t r o n  impact. 

- The newly formed, s t a t i o n a r y  ions must then be acce le ra t ed  t o  t h e  ve loc i ty  

V. 

t h e  n e u t r a l s  and by a flow of charged p a r t i c l e  p a i r s  t o  t h e  e l ec t rodes ,  

Also ,  energy and momentum a r e  l o s t  from t h e  plasma by c o l l i s i o n s  with 

where they recombine t o  form atoms. 

Our assumption concerning t h e  loss of  energy t o  t h e  w a l l  as a r e s u l t  

of charge-exchange c o l l i s i o n s  d i f f e r s  from t h a t  of Lin. We propose t h a t  

such c o l l i s i o n s  produce n e u t r a l  atoms of speed v and temperature equal  t o  

t h e  ion  temperature Ti, which without f u r t h e r  c o l l i s i o n  impinge upon t h e  

w a l l  and deposi t  an energy mv /2 + 2kTi f o r  each charge-exchange c o l l i s i o n .  

(We use here  t h e  f r e e  molecule flow value of 2kT f o r  t h e  thermal energy 

p e r  p a r t i c l e  impinging upon a w a l l . )  A t  any i n s t a n t ,  t h e  number of such 

high speed n e u t r a l  atoms born i n  charge-exchange c o l l i s i o n s ,  but not  y e t  

having reached t h e  w a l l ,  must be much l e s s  than  the  number of cold,  

2 

k . 
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s t a t i o n a r y  n e u t r a l  atoms, because t h e  mean speeds of  the two c l a s s e s  of 

n e u t r a l s  are so d i f f e r e n t  even i f  t h e i r  flow rates t o  t h e  w a l l  are com- 

parable .  

rates caused by these  high speed neu t r a l s  and do not consider  them a 

We the re fo re  compute separa te ly  t h e  energy and momentum loss  

p a r t  of 

We 

charged 

t h e  ion loss  r a t e s ,  as did Lin. 

begin by consider ing a fixed volume of  f l u i d  containing N 

ions  (and hence N 

singly-  i 

e l ec t rons )  and Na atoms. If ri i s  t h e  rate i 

o f  production o f  ions  and rC t h e  r a t e  of charge-exchange c o l l i s i o n s  i n  

t h i s  volume, while A .  is t h e  number f lux  of ion-electron p a i r s  and A 

t h e  number flux of high speed atoms (born i n  charge exchange c o l l i s i o n s )  

impinging on t h e  w a l l s  surrounding t h i s  volume, then  t h e  conservat ion of 

i o n i c  spec ies  and high-speed atoms r equ i r e s  t h a t :  

C 1 

ri - hi ai 
d t  
- =  

A, = r, 

The conservat ion of momentum becomes : 

( 3 )  d - (mvNi) = IBd - mv(Ai + A c )  d t  

which has t h e  same form as Lin 's  Eq. ( 4 ) .  

t i o n  f o r  t h e  whole f l u i d  w e  have: 

However, f o r  energy conserva- 
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- d 1  ({F mv2 + w + - 3 k(T. + T,)) TIi) = V I  - P 
dt i 2  1 

mv2 + 2kTi) hc ( 4 )  
- {F 1 nv2 + w + 2k(Ti + T,)) hi - {F 

i 

i n  which V i s  t h e  e l ec t rode  p o t e n t i a l  d i f f e rence  and P is t h e  r ad ia t ion  

power loss. 

There is  no cont r ibu t ion  from t h e  slow n e u t r a l  p a r t i c l e s  t o  e i t h e r  

t h e  momentum o r  energy equation s ince  they  have neg l ig ib l e  energy o r  

momentum. However, t h e  high speed n e u t r a l  p a r t i c l e s  con t r ibu te  an energy 

and momentum loss t o  t h e  w a l l  bu t  n e g l i g i b l e  energy o r  momentum content  

t o  t h e  volume, s ince  they a r e  so few i n  number. 

Following Lin,  we neglec t  t h e  time de r iva t ive  of I n  (T + T.)  corn- e 1 

pared with t h a t  of I n  Ni, and assume t h a t  V = IBd, i , e , ,  t h a t  t h e  

r e s i s t i v e  loss i n  t h e  plasma is  small  compared with IBd. As a consequence, 

Eqs.  (1) - ( 4 )  may be combined t o  give: 

+ 2 e  k(T + Ti) Ai/(ri  + rc) + 2kTirc/(ri + r c )  ( 5 )  

which d i f f e r s  from Lin ' s  Eq. (8)  by t h e  f a c t o r  of Ti/(ri + T c )  appearing 

i n  t h e  f i rs t  term on t h e  r i g h t  hand s i d e  

t h e  r i g h t .  

4 and t h e  a d d i t i o n a l  terms on 
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It w i l l  now be shown t h a t  the charge-exchange c o l l i s i o n  rate r 
C 

g r e a t l y  exceeds t h e  e l ec t ron  impact ion iza t ion  rate r unless  t h e  

e l ec t ron  temperature is as g rea t  as w./k, with the  r e s u l t  t h a t  Eq. 

( 5 )  p red ic t s  a flow ve loc i ty  v which depends upon T 

T h i s  d i s p a r i t y  i n  ri and I' 

es t imates  of t hese  rates: 

i 

1 

i' and not upon w i 

may be seen by consider ing t h e  following 
C 

-Wi/kTe 
ri = N N.Q.  Ye e a i r  

r c = " Q  a i c  Yi (7) 

i n  which Q. i s  t h e  ion iza t ion  cross sec t ion ,  Q t h e  charge-exchange 

cross-sect ion,  and v 

respec t ive ly .  

f a c t o r  of Eq. ( 6 )  about equals  t h e  r i g h t  hand s i d e  of Eq. (71, with 

t h e  r e s u l t  t h a t  

1 C - 
and y.  t h e  mean speeds of t h e  e l ec t rons  and ions,  e 1 

N o w  Qc 2 50Qi w h i l e  ye 2 100yi. Thus t h e  pre-exponential 

-W . /kT i e  ri 2 rc e 

For kTe e< wi and T 

s teady  state,  

% Te, Eq. ( 5 )  and (8)  combine t o  g ive ,  f o r  t h e  
i 

mv2 2 2kTi 2 ( 9 )  
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The e l ec t ron  and ion  temperatures are not determined by t h e  fore- 

going equat ions ,  b u t  must be  found from a d e t a i l e d  energy balance f o r  

t h e  e l ec t rons .  The e l ec t ron  temperatures so ca l cu la t ed  by Lin f o r  low 

o r  moderate degrees o f  i on iza t ion  genera l ly  are small compared with I 

w /k,  and are not  s t rong ly  dependent upon t h e  degree o f  i on iza t ion  (a t  

least for l o w  o r  moderate amounts of ion iza t ion ) .  

ca l cu la t ed  by Lin are i n  t h e  range of 0.1 t o  0.2 t imes w./k, so t h a t  Eq. 

( 9 )  would p r e d i c t  v e l o c i t i e s  of 50% t o  70% of t h e  ion iza t ion  speed, more 

o r  l e s s  independent of degree of ion iza t ion  and hence current .  

i 
Ion temperatures 

1 

3 

The continuum, o r  boundary-layer type  of ana lys i s J ,  p r e d i c t s  a 

r e s u l t  similar t o  t h a t  of Eq. ( 9 ) .  under s i m i l a r  r e s t r i c t i o n s  of moderate 

degree of ion iza t ion :  

1 2 5  -mv 2 = p k T i / P r  

i n  which P r  is t h e  P rand t l  number (2/3 for  a monatomic gas )  and 5/2 kTi 

i s  t h e  enthalpy p e r  i on ,  t h e  continuum equivalent  of  2kT f o r  t h e  free- 

molecular energy f l u x  t o  the w a l l ,  used i n  Eq. ( 4 ) .  The d i f f e rence  

between t h e  r i g h t  hand s i d e s  of Eqs. (9) and (10) are t y p i c a l  of those  

found i n  comparing continuum and r a r e f i e d  flow drag o r  hea t  t r a n s f e r .  

If one accepts  t h e  above modification of t he  theory of Lin,  then 

i 

e i t h e r  t h e  continuum o r  r a r e f i e d  flow theory  p r e d i c t s  azimuthal v e l o c i t i e s  

less than those  measured by Fahleson. 

discrepancy is most l i k e l y  due t o  o the r  e f f e c t s  present  i n  t h e  experiment 

It i s  our  opinion t h a t  t h i s  

which are no t  taken  i n t o  account by e i t h e r  o f  t h e  t h e o r i e s  which assume 

a very simple flow pa t t e rn .  
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T h i s  difference would disappear i f  the  coeff ic ient  of A 

( 4 )  were augmented ( incorrect ly)  by wi + 3kT /2 - kTi/2. 

4. i n  Eq. 
C 

e 


